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1. Introduction 
An n-knot (S” in Sn+2) is said to be quasi-aspherical if Hn + i(c) = 0 where c is the 
universal cover of the complement of the knot. S.J. Lomonaco conjectured that all 
2-knots are quasi-aspherical. We give an example of a 2-knot whose group has an 
infinite number of ends and we show that it is a counterexample to Lomonaco’s 
conjecture. We also prove: 
(1) every knot whose group has one or two ends is quasi-aspherical; 
(2) the group of every fibered knot has one or two ends; 
(3) the class of knots each of whose groups has one or two ends is closed under 
composition. 
The theory of ends of finitely generated groups was developed by Heinz Hopf [B] 
and Hans Freudenthal[6] and is based on Freudenthal’s earlier theory of the ends of 
a space [5]. All groups in the paper will be finitely generated unless otherwise stated. 
Excellent references for the theory of the ends of a group are [3, 4, 181. 
In [B] Hopf proved the following: 
(1) a group has either 0, 1, 2 or an infinite number of ends, 
(2) a group has 0 ends if and only if it is finite, 
(3) a group has two ends if and only if it has an infinite cyclic subgroup of finite 
index. 
In [20] C.T.C. Wall sharpened Hopf’s characterization of groups with 2 ends by 
showing that a group G has 2 ends if and only if it is one of the following two types: 
a: l+K+G+H2 *Z2+1 with K finite, 
/3: l+K4G+B+I with K finite. 
John Stallings [IB] characterized a group with an infinite number of ends to be 
one of the following two types: 
a : GI wG2 with K finite and [GI : K] or [Gz : K] >2, 
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P:GI*K an HNN extension with K finite and a 
proper subgroup of Gi. 
Recall G = GI *K means that there is a monomorphism cp : K-+GI such that 
A group with one end is characterized negatively to be a group which does not 
have 0, 2 or an infinite number of ends. 
Homologically, Hi(G,hG) measures the ends of the group G. In [13] Roger 
Lyndon showed that H’(G, ZG) -0 if G is finite. In [ 171 Specker showed that if G is 
an infinite group, then H’(G, ZG) is a free abelian group of rank e(G) - 1 where 
e(G) is the number of ends of G. 
The connection of the theory of the ends of a group with knot theory was made by 
Specker when he proved in [ 171 that the asphericity of classical knots was equivalent 
to their groups having only 1 or 2 ends. Papakyriakopoulos then proved in [14, 151 
that a classical knot group has 1 or 2 ends according to whether it is knotted or 
unknotted. 
We are interested in the ends of higher dimensional knot groups, so we need 
Kervaire’s characterization [9] of a higher dimensional knot group: A group G is the 
group of an n-knot (S” in Sn+2) for n z 3 if and only if 
(1) G is finitely presented, 
(2) G is the normal closure of one element (weight one), 
(3) HI(G)=& 
(4) H2(G) = 0. 
Moreover, l- and 2-knot groups satisfy properties (l)-(4). 
2. Knot groups with 1 or 2 ends 
We start out with the following simple but decisive result. 
Theorem 1. A knot group G has 2 ends if and only if its commutator subgroup 
[G, G] is finite. 
Proof. If [G, G] is finite, then we have an extension 1 + [G, G] -G-E- 1, so G has 
2 ends and is of type 8. Conversely, if G has 2 ends then either G is of type a or of 
type p. Note that G cannot be of type a, since every quotient of a group of weight 
one has weight one and a group of type a has Z!z@E2 as a quotient. Therefore, G is 
of type p. Observe that G/K= Z implies that [G, G] C K, so [G, G] is finite. Cl 
Some examples of knot groups with 2 ends are: 
(1) In the classical dimension Z only, 
(2)Z,,>aE=(a,b;a”,bab-‘=a-‘)fornodd, 
(3) D x Z where D is the binary dodecahedral group of order 120. 
Examples (2) and (3) are realized by twist spun 2-knots [lo, 211. 
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Theorem 2. If a knot group G has a finitely generated infinite commutator 
subgroup, then G has one end. 
Proof. This is a corollary to a result of Robert Bieri [l; Proposition 5.11 which says 
that if 1 +N-rGdQ+ 1 is an extension of groups with Iv and Q finitely generated 
and infinite, then G has one end. In particular, l-[G,G]-+G-+Z+l is such a 
sequence, so G has one end. 0 
Combining Theorems 1 and 2 we obtain 
Theorem 3. The group of every fibered knot has one or two ends. 
Proof. By a fibered knot ki S”-+P+* we mean that the complement of the knot 
S” + * - k(Y) fibers as 
punt M”+t-+S”+*- k(S”)dS’ 
where punt Mn + I is a compact (n + I)-manifold M”+’ minus a point. Then [G, G] = 
nr(puncM"+ r) which is finitely generated, and the theorem follows from Theorems 
1 and2. Cl 
3. The composite of knots whose groups have 1 or 2 ends 
Let G be a knot group. Then a choice of a meridian of the knot determines an 
element of G which normally generates G. Having made this choice, we have an 
embedding i : Z+G by mapping 1 to this element, and we identify Z with its image 
under i. 
Let kl, k2 : Sn-+S”+* be two n-knots. The composite kl # kz : S”+S”+* is gotten by 
forming the pair connected sum (S”+*, kl(S”))#(S”+*, kz(S”)) so that the chosen 
meridians are identified [16; p. 401. One sees easily that the group of kl# k2 is 
GI *zGz where G; is the group of k; for i= 1, 2. 
Lemma 1. If K is a subgroup of G and ZGK is the subgroup of HG fixed by the left 
action of K, then 
ZGK= 
0 
I 
if K is infinite, 
E(G/K) if K is finite 
where B(G/K) is the free abelian group on the left cosets of K in G. 
Proof. Let S be a finite subset of G and suppose CgssrggEZGK with r,#O for 
gES. Observe that k(&sr,g)= CgEsrgkg= ,‘&c~rgg, so that kg=g’for someg’ES 
and r, = r,,. Hence, K acts on the set S. Clearly K acts freely. Therefore, if S is 
nonempty, then K is in one-to-one correspondence with the orbits of the action. 
This is impossible if K is infinite, so that ZGK=O if K is infinite. 
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If K is finite, then the orbits are of the form Kg. Let T be a set of distinct orbit 
representatives in S, then Cgcsrgg= CgE rrg( CkeKkg). It follows that 
ZGK=Z(G/K) with ( CkoKk)g corresponding to Kg. 0 
Lemma 2. If G is a knot group with two ends, then i*: H’(G,ZG)+H’(Z,ZG) is a 
monomorphism. 
Proof. Let K= [G, G]. Then we have a group extension 1 *K+G n Z-+0 with 
K finite. The extension induces the exact sequence in cohomology 
O-+H’(B, iZGK) L H’(G, ZG)-+H’(K, ZG). 
Observe that ZG is a free K-module, so that H’(K, ZG) ‘0, since K is finite. Hence, 
K * is an isomorphism. 
Let j: EGK+EG be the inclusion. Because no i= idz, one sees that the following 
diagram commutes 
H’(H, HGK) A H'(G, ZG) 
H’(B, ZG). 
Hence, it suffices to show that j. is a monomorphism. Observe that HGK=H(Z), 
that is, ZGK is a free Z(Z)-module of rank one generated by CkeKk. Hence, 
H’($ ZGK) = H’(Z, Z(H)) = Z. While ZG- E(Z)@ ZK as a left Z(Z)-module implies 
that H’(E,HG)=H’(Z, Z(h))@ ZK=ZK. Hence, j* corresponds to a homo- 
morphism j. : Z-+2X. One checks easily that j,(l)= CkEKk by using the standard 
resolution 
O-E(Z) a, Z(h) E z*o. 
Therefore, j* is a monomorphism. 0 
Theorem 4. If G is the group of the composite of two knots with groups GI and CL 
then 
(i) if GI and G2 have one or two ends and neither is infinite cyclic, then G has one 
end; 
(ii) if Gr and Gz have two ends and one is infinite cyclic, then G has two ends. 
Proof. We have G= GI *zGz. 
Case I. GI and G2 have one end. Consider the Mayer-Vietoris sequence 
H”(~,ZG)~H’(G,ZG)~H’(G,,ZG)OH’(G2,ZG). 
Observe that H”(Z, ZG) = ZIG”= 0 by lemma 1. Note that HG = HGI @z E(G/GI) as a 
left Gt-module. According to K.S. Brown [2], H’(Gr, ZG) =H’(Gr, ZGI)OZ 
On the ends of higher dimensional knot groups 321 
iZ(G/G’), since GI is finitely presented. Hence H’(GI,PG)=O, since GI has one end. 
Similarly W(G2, ZG) = 0. It follows that H’(G, ZG) =O; and therefore, G has one. 
Case II. G’ and Gz have two ends. If GI = Z, then G = G2, and G has two ends. So 
suppose neither G’ nor G2 is infinite cyclic. Let Ki be the finite commutator 
subgroup of G;. Then KI * K2 is the commutator subgroup of GI *E G2. Thus, we 
have a short exact sequence 
Since K’ *K2 is finitely generated and infinite, G has one end by Theorem 2. 
Case III. GI has 1 end and G2 has 2 ends. The Mayer-Vietoris sequence reduces 
to 
O+H’(G, ZG)-+H’(Gz, EC) -5 H’(Z, iZG). 
So it suffices to show that i; is a monomorphism. Observe that EG=ZGz@z 
Z(G/G2), so that i: : H*(G2,ZG)+H’(Z, ZG) corresponds to 
i;@id : H’(G2, ZG2)@zZ(G/G2)+H1(Z, ZGz)@z Z(G/G2). 
By Lemma 2, i; : H’(G2,ZG2)-+H1(Z, ZG2) is a monomorphism. Since H(G/G2) is 
free abelian, i,*@id is a monomorphism. Therefore, i: : H’(Gz,ZG)+H’(Z, ZG) is a 
monomorphism. Hence H’(G, ZG) = 0, and G has one end. 0 
4. An example of a 2-knot group with an infinite number of ends 
Let G1=i27~Z3, G2=E3>QZ and K=h3, and consider the group G=GI*KG~. 
Note that (0,l) in G2 normally generates G. Using the facts: (1) HI(H~)=HI(GI) by 
inclusion, (2) H~(GI)=O, (3) G2 is a knot group, one sees from the Mayer-Vietoris 
sequence for the homology of G that H’(G) =Z and H2(G)=O. Hence, G satisfies 
Kervaire’s characterization of a 3-knot group. Thus, G is an example of a higher 
dimensional knot group with an infinite number of ends. 
The group G has the curious property that it is simultaneously an HNN extension 
GI *K with o, : K-t G, the embedding of Z3 given by ~(1) = 2. To see this, observe that 
GI = (a, 6; b! bab- ’ = a’) and G2 = (c, t; c3, tct - * = c2), so G has the presentation 
(~,b,c, t; b3,bab-‘=a2,c3, tct-‘=c2, b=c). 
Now eliminate c and we get (a, b, t; b3, bab - ’ = a2, tbt - ’ = b2) which is a presentation 
for GI *K. 
In [7] Gonzales-Acuiia and Montesinos geometrically realize the HNN extension 
GI *K as the group of a 2-knot. Therefore, G is a 2-knot group. This answers the 
question in [7] concerning the existence of 2-knot groups with an infinite number of 
ends which are free products with amalgamation, that is, of type a. 
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5. Quasi-aspherical knots 
Let k: S”-+Y+* be an n-knot, and let C be the complement in S”+* of an open 
tubular neighborhood of k(P). Thus C is a compact (n+ 2)-manifold with 
boundary Xn S’ x S”. In [l l] Lomonaco defined an n-knot k to be quasi-aspherical 
if Hn+ l(c)=0 where C is the universal cover of C. In the classical dimension n = I, 
quasi-asphericity reduces to asphericity. Lomonaco conjectured in [ 1 I] that all 2- 
knots are quasi-aspherical. 
We claim that the 2-knot whose group is G = GI *KG* where GI =Z~YJ&, K=Z3 
and G2 = Z3 >a h is a counterexample to Lomanoco’s conjecture. Consider the exact 
sequence 
Since i, : n1(&2)+n1(C) is a monomorphism, 8C is the disjoint union of copies of 
the universal cover of aCz S’ x S*. Therefore, Hs(aC)=O, since aC is an open 3- 
manifold. So it suffices to show that a: H3(C,aC)-H@) is not a mono- 
morphism. By Alexander duality 8 corresponds to the homomorphism induced by 
inclusion Hi(C)-H#C) where c means cohomology with compact supports or 
equivalently with finite cochains. This is equivalent o i* : H’(C, HG)+H’(K, ZG), 
where the cohomology is taken with local coefficients. This in turn is equivalent o 
i+: H’(G,HG)+H’(Z,ZG) where i: Z-+G is the obvious embedding, since in the 
geometric realization of G as the HNN extension GI *K, the stable letter t, which 
corresponds to i( 1) in G, represents a meridian of the knot. Thus it suffices to show 
that i* : H’(G,ZG)+H’(Z,ZG) is not a monomorphism. 
The Mayer-Vietoris sequence for H’(G, ZG) reduces to 
O-+HO(Gl, ZG) ii H”(K, ZG) 2 H’(G, ZG) ri H’(G2,ZG)+O 
which is equivalent o the sequence 
O+Z(G/GI) A Z(G/K)-+H’(G,ZG)+Z(G/G2)+0, 
where ir: Gig-(CF=,Kgi)g and gi=(i,O) i=O, 1 , . . . ,6. In particular, coker i: is 
nontrivial. 
Consider the commutative diagram 
H’(G, ZG) ” ’ H’(G2, ZG) 
\J 
H’(Z, ZG) 
Since Gz is a knot group with 2 ends, j* is a monomorphism. Therefore, keri*= 
ker i! = Im a=coker i:. Hence, i* is not a monomorphism, and the 2-knot which 
geometrically realizes G = GI *KG* is not quasi-aspherical. 
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The group G may be realized by an n-knot for any n ~2. The same argument 
shows that such a knot is not quasi-aspherical. This answers a question of Swarup 
[I91 as to the existence of n-knots such that H,+ I(C) is nontrivial. 
Now that we have shown that not all knots are quasi-aspherical, we give a positive 
result. The following theorem has also been obtained independently by S.J. 
Lomonaco (121. 
Theorem 5. A knot is quasi-aspherical ifits group has one or two ends. 
Proof. Arguing as before, we have an exact sequence 
O+H,+,(&+H’(G,ZG) 2 H’(Z. ZG). 
If G has one end, then H,+ 1(c)=0, since H’(G,BG)=O. If G has two ends, then i* 
is a monomorphism by Lemma 2, so Hn+ 1(c)=0. 0 
We conjecture that the converse of Theorem 5 is true, that is, a knot is quasi- 
aspherical only if its group has one or two ends. In [19] Swarup proved that every 
torsion-free knot group is quasi-aspherical. Hence, if our conjecture is true, then 
every nontrivial torsion-free knot group has one end. 
Note added in proof 
It follows from [22, Theorem 5.21, that an n-knot is not quasi-aspherical if and 
only if its group G has a nontrivial free product with amalgamation decomposition 
GI *KGZ such that K is finite and G2 contains the meridian element of G. 
Lomonaco’s manuscript [ 1 l] has evolved into the paper [23]. 
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